In this work we obtain a nontrivial estimate for the size of the set of triples (a, b, c) ∈ F * q × F q × F q which correspond to stable quadratic polynomials f (X) = aX 2 + b X + c over the finite field F q with q odd. This estimate is an improvement of the bound O (q 11/4 ) conjectured in a recent work of A. Ostafe and I. Shparlinski.
Introduction
Let F q be a finite field of q elements with q odd. For a polynomial f (X) ∈ F q [X] we define the following sequence:
We say that f ∈ F q [X] is stable if f (n) is irreducible over F q for all n 0. In the following, we only work with polynomials of degree 2, that is,
, with a = 0.
Our aim is to study the number of triples (a, b, c) ∈ F * q × F q × F q which corresponds to these stable polynomials. According to [1] , we denote this number as S q . This problem is related with the size of multiplicative character sums. Let us denote by γ = −b/(2a) the critical point of f , that is, the zero of the derivative f . The adjusted orbit of f is defined as:
It can be proved (see [2] and [3] ) that a quadratic polynomial f over F q is stable if and only if Orb( f )
contains no squares. The cardinality of the subset of squares in a set can be estimated by means of character sums.
In particular, it can be done using the only nontrivial quadratic multiplicative character χ of F q . The
Weil bound for character sums will be useful to estimate the bounds of S q and can be presented in the following form (see Chapter 5 of [4] 
Estimate of S q
This section is devoted to find an estimate of the bounds for S q . Our main result is the following one.
Theorem 1. For any q odd, if S q is the number of stable quadratic polynomials
The next result will be useful for calculating the lower and upper bounds of the number of stable quadratic polynomials.
Lemma 2. For any stable polynomial f (X) and a
is a stable polynomial. Moreover, the number of stable polynomials is a multiple of q − 1.
Proof. Given a stable polynomial f (X), let us consider the map
It is easy to see that g 
Expanding the products and rearranging the terms, we conclude that there are 2
with μ 1 and one trivial sum corresponding to 1 in (1). This sum can be transformed in
From Lemma 2, it suffices to consider a = 1; so
The upper bound will be obtained multiplying by q − 1. The following result will be used in the deduction of the upper bound. Proof. First of all, we will see that, for all n 0, the function F (n) ( 
